Introduction
We begin by revisiting a deterministic compartmental sex-structured HIV/AIDS model for assessing the effects of homosexuals and bisexuals on the intrinsic dynamics of the disease in heterosexual settings in which homosexuality and bisexuality issues have remained taboo, partially studied in [18] . Due to criminalization of homosexual and bisexual activities in many countries in Africa and the lack of substantial research to map this high-risk population, it is not clear to what extent homosexual and bisexual activities have contributed to the epidemic in this region and also to implement intervention strategies targeting such groups. Thus, in this paper, we extend the model in [18] to consider condom use and antiretroviral treatment as HIV/AIDS intervention strategies. The model subdivides the sexually active population at time t into the following classes: S f ðtÞ, susceptible female; I f ðtÞ, infected female; A f ðtÞ, female AIDS cases; S m 1 ðtÞ, susceptible heterosexual male population; S m 2 ðtÞ, susceptible homosexual male population; I m 1 ðtÞ, infected heterosexual male population; I m 2 ðtÞ, infected homosexual male population; I m 3 ðtÞ, infected bisexual male population; A m ðtÞ, male AIDS cases. AIDS cases in the male and female populations are assumed to be sexually inactive, and so do not influence the dynamics of the virus. Individuals are referred to as male or female only in connection with features peculiar to their sex and in particular, the male to female infectivity rate is greater than that for female to male. The inclusion of male bisexuals in the model makes it suit most heterosexual settings (especially in Africa) in the sense that in these settings most of the homosexuals resort to bisexuality due to the fact that homosexual and bisexual activities are regarded as taboo, thus by so doing homosexuals will also not meet denial in the community. The population is assumed to be uniform and homogeneously mixed. The total population is given by NðtÞ ¼ S f ðtÞ þ I f ðtÞ þ A f ðtÞ þ S m 1 ðtÞ þ S m 2 ðtÞ þ I m 1 ðtÞ þ I m 2 ðtÞ þ I m 3 ðtÞ þ A m ðtÞ:
It is assumed that, at any moment in time, new recruits enter the sexually active population at a rate L. A proportion p 0 of these individuals are assumed to be female susceptibles (categorized in the S f class) and the complementary proportion ð1 2 p 0 Þ, are male susceptibles and categorized in the male susceptible classes S m 1 ðtÞ and S m 2 ðtÞ with proportions p 1 and p 2 , respectively, thus p 0 þ p 1 þ p 2 ¼ 1. 
The force of infection l f depends on the probability that an infected male infects his female sexual partner b m , the rate at which a female acquires new sexual partners per unit time c f and the proportion of infected males in each category ðI m 1 and I m 3 Þ. The enhancement factor, h . 1 models the relative infectiousness of the purely heterosexual individuals to bisexuals [14, 15] . Here, we assume that a group of bisexuals are more at risk because they are part of a high-risk homosexual group and further, due to the fact that homosexuality and bisexuality issues have remained taboo in African heterosexual settings. To date, no intervention strategies have been implemented to target or address such groups. In (1), the total sexually active heterosexual and bisexual population is given by N m ¼ S m 1 ðtÞ þ I m 1 ðtÞ þ I m 3 ðtÞ. Heterosexual male susceptibles acquire infection at a time-dependent rate
In (2), b f is the probability that an infected female infects her male sexual partner, c m 1 is the rate at which heterosexually active male population acquires new sexual partners per unit time and N f ðtÞ ¼ S f ðtÞ þ I f ðtÞ denotes the sexually interacting female population. There is a constant emigration rate a . 0 of individuals to other countries except for the AIDS patients. This assumption makes the model more appropriate for African settings (especially Zimbabwe) where a significant proportion of the population emigrates to developed countries for better educational facilities and in search of employment. HIV infected individuals progress to AIDS stage at a constant rate, g . 0. The natural death rate is assumed to be proportional to the number in each class, m . 0. AIDS patients have an additional disease-induced mortality rate, n . 0 and are easily recognized in the population, and thus are not a threat in the spread of the epidemic. The model flow diagram is shown in Figure 1 . The arrow ð,Þ in Figure 1 denotes sexual interaction of the male and female populations.
Putting the formulations and the assumptions together gives the following system of differential equations, The mathematical properties of model system (4) including stabilities of equilibria are studied in [18] . The disease-free equilibrium (DFE) for model system (4) is, 
The linear stability of E 0 is governed by the basic reproductive number R 0 [1, 6, 9, 12] . The stability of this equilibrium will be investigated using the next generation operator [10, 20] . Using the notation in [20] on the model system (4), the matrices F and V, for the new infection terms and the remaining transfer terms are, respectively, given by
It follows that the basic reproduction number for model system (4), denoted by R 0 is given by 
Condom use

Male condom use
A male condom is a sheath worn on an erect penis to prevent the exchange of body fluids during sexual intercourse. One disadvantage of the male condom lies in the fact that, by definition, men control its use. Effectiveness of the condoms has been the subject of several studies; most of these studies portray that the proper and consistent use of condoms during sexual intercourse results in an 80% reduction in HIV incidence, a level slightly less than for pregnancy [17] . Model system (4) is extended to incorporate male condom use. We assume that the male condom is used by heterosexuals, homosexuals and bisexuals as the only intervention strategy to prevent the spread of the epidemic. The parameter s m models male condom use and by considering this intervention for model system (4), female susceptibles acquire infection at a time-dependent rate
heterosexual male susceptibles acquire infection at a time-dependent rate
and homosexual male population acquire infection at a time-dependent rate
The parameter s m ¼ 1 2 e m v m , where e m and v m denote the male condom efficacy and compliance, respectively [16, 17] . We define the product p m ¼ e m v m as the condominduced preventability of HIV transmission per year [17] . Thus, the per exposure risk of infection, say G c , becomes;
and b i is the exposure risk of infection when no protection of any kind is used. The male condom-induced reproductive number R m becomes,
The male condom-induced reproductive number ðR m Þ can be presented as,
The above expression emphasizes the role of efficacy and compliance of a male condom in preventing HIV transmission. We also observe that Proof.
then
then R m ðv mc Þ ¼ 1, assuming e m . 0. Since R m is a decreasing function of both e m and v m , it follows that R m , 1 whenever e m . e mc or v m . v mc . In addition, it is also essential to note that R m is also a decreasing function of p m . This implies that HIV can be eradicated in the community if p m . p mc ¼ e mc v mc . A
Effects of male condom use on R 0
The male condom-induced reproductive number R m is expressed in terms of R 0 . Thus, we write R m ¼ R m ðR 0 Þ to emphasize the dependence of R m on R 0 . The obtained results in Figure 2 illustrate that there are certain values for R 0 at which the introduction of male condoms may not reduce R m to values below unity, even if 100% condom compliance is achieved. Further, for the values of R 0 which R m can be reduced to values below one ðR m , 1Þ, the compliance is high ðv m . 90%Þ and perhaps unattainable for high-values of R 0 suggesting that for such a population, HIV/AIDS may not be controlled using male condoms alone. Note that in our computations of the values of R m , we vary R 0 to obtain the corresponding values of R m , which we plot against compliance.
Male and female condoms use
A female condom is a loose-fitting polyurethane sheath with a flexible sheath at either end. The inner, closed ring is pushed into the vagina, while the outer, open ring rests outside the vagina. The female condom came into existence when it became clear that women were both biologically and socioculturally more vulnerable to HIV infection [16, 17] . We extend the model system (4) to model the effect of both the male and female condoms in a community as the only intervention strategy. The parameter s fm models the effect of female and male condom use. We note that the introduction of the female condom in a setting with male condom use will benefit the other classes in the population except the homosexuals. Thus, in this section, we will focus on the effects of the female condom on the male condom heterosexuality and bisexuality-induced partial reproductive number ðR m 2 Þ. The rate of infection for different classes will be represented as follows, female susceptibles acquire infection at a time-dependent rate
We assume that the use of female and male condoms confer protection independently. The parameters s f and s m measure the effectiveness of both the female and male condoms in reducing the probability of transmission b i for i ¼ f ; m. We define the condom efficacy as e i and condom compliance as v i for i ¼ f ; m. The parameters v m and v f model the compliance of the male and female condoms, respectively. If the male and female condoms are used correctly and consistently, the exposure risk of infection becomes,
The male and female condoms heterosexuality and bisexuality-induced partial reproductive number becomes,
R fm 2 measures the average number of new infections generated by a single infected heterosexual or bisexual infected individual in a completely susceptible population.
Analysis of the reproductive number shows that HIV/AIDS can be reduced through the use of both the condoms since R fm 2 , R m 2 , R 02 . The male and female condoms heterosexuality and bisexuality-induced partial reproductive number R fm 2 can be presented as,
where R 02 is the basic heterosexuality and bisexuality-induced partial reproductive number and R m 2 is the male condom heterosexuality and bisexuality-induced partial reproductive number. We also note that
and R fm 2 , R m 2 for all e f ; v f ; v m ; e m . 0. Thus, we can safely deduce that R fm 2 , R m 2 , R 02 for all e i , v i for i ¼ f ; m which clearly shows that the proper and consistent use of both the male and female condoms in the community would help in containing the HIV/AIDS epidemic much better than the use of only the male condom among heterosexuals and bisexuals.
In Figure 3 , we illustrate the relationship and behaviour of R 01 , R 02 , R m 1 , R m 2 and R fm 2 for increasing number of sexual partners per unit time ðc m 1 ¼ c m 2 ¼ c f Þ. The illustration shows that R m 1 , R 01 and R fm 2 , R m 2 , R 02 remains the relationship for the reproductive numbers as obtained from the analytic approach when male condom only is presented and when both the female and male condoms are presented. The results further confirm that the use of both the female and male condoms would benefit the heterosexuals and bisexuals in the community much more than the use of the male condom only since R fm 2 , R m 2 for all e i ; v i . 0 for i ¼ f ; m.
Numerical simulations
Numerical simulations of the extension of model system (4) with condom use are carried out using a set of parameter values given in Table 1 . We use a fourth order Runge-Kutta numerical scheme coded in C þ þ programming language for the numerical simulations. Figure 4 shows a decrease in the number of infectives for homosexuals, heterosexuals and bisexuals when male and female condoms compliance increases from 0.1 to 1. The results show that when compliance increases the number of infectives decreases and this reduces HIV/AIDS prevalence in a community if male and female condoms are used correctly and consistently by a large proportion of infectives.
Treatment
We extend model system (4) to incorporate the treatment of AIDS patients, in which we consider the treatment to be given to AIDS individuals who are ill and have experienced AIDS-defining symptoms, or whose CD4 þ T cell count is below 200 ml 21 , which is the recommended AIDS defining stage [21] . It is assumed that treated AIDS patients are capable of sexual interaction with the rest of the community. Now the model will include the following classes: treated female population A tf , treated heterosexual male population Table 1 . The trends show the relationship and behaviour of R 01 , R 02 , R m1 , R m2 and R fm2 for increasing the number of sexual partners.
A tm 1 , treated homosexual male population A tm 2 and treated bisexual male population A tm 3 . The treatment rate of AIDS females and males who seek treatment is denoted by f. Treated AIDS patients have a constant disease-induced mortality rate tn . 0, with t ð0 , t , 1Þ, a factor which models the reduced-mortality rate of the treated AIDS individuals in comparison with the untreated AIDS individuals. The model system (22) assumes that the treated AIDS patients ðA tf , A tm 1 , A tm 2 , A tm 3 Þ are capable of sexually interacting with the rest of the community spreading the disease with no change in behaviour. The relative infectiousness of the treated AIDS patients is modelled by the parameter u ¼ ec ð0 # u # 1Þ which is a product of drug efficacy (e) and proportion of the treated AIDS patients who indulge in risk sexual behaviour (c). The value e ¼ 0 means that the drug is completely effective and e ¼ 1 means the drug is useless in stopping HIV transmission. Considering the above explanation, the rates of infection for different classes are given as follows, female susceptibles acquire infection at a time-dependent rate 
The model flow diagram is given in Figure 5 . Putting the formulations and the assumptions together gives the following system of differential equations, Next, we consider the equilibria, reproductive numbers and stabilities of the model.
DFE and reproductive number
Model system (22) has a DFE given by, 
The linear stability of E 0 is governed by the reproductive number R 0 [1, 6, 9, 12] . Using the notation in [20] on the model system (22), the matrices F and V, for the new infection terms and the remaining transfer terms are, respectively, given by 
Here 
It follows that the treatmentinduced reproductive number ðR t Þ for the model system (22) is given by
where
and
The parameters f 1 ðu; fÞ and f 2 ðu; fÞ are a measure of the effectiveness of treatment in a community. Using Theorem 2 in [20] , the following result is established.
Lemma 2. The DFE of model system (22) is locally asymptotically stable (LAS) if R t , 1 and unstable if R t . 1.
It is also important to note that ðf 1 ðu; fÞ; f 2 ðu; fÞÞ . 1, which shows that the treatment increases the average number of new infections generated by a single infected individual in a completely susceptible population thus may enlarge the epidemic. We analyse R t 1 for the following cases.
where R t 1 is the treatment-induced reproductive number for homosexuals and R t 2 is the treatment-induced reproductive number for heterosexuals and bisexuals. Note that R 01 and R 02 are the basic reproductive numbers when there are no HIV/AIDS intervention strategies in a community, for homosexuals and for both the heterosexuals and bisexuals, respectively. We note that the factor multiplying the basic reproductive number ðR 01 and R 02 Þ is equal to unity ðf 1 ðu; fÞ and f 2 ðu; fÞ ¼ 1Þ, suggesting that either the treatment drug is 100% effective ðe ¼ 0Þ and /or treated patients are not indulging in risk sexual activities ðc ¼ 0Þ. Thus the intervention has no effect on the basic reproductive number but helps the community by lengthening the lives of AIDS patients, reducing morbidity/mortality and reducing the number of orphans in affected communities.
We note that the factor multiplying the basic reproductive number ðR 01 and R 02 Þ is greater than unity ðf 1 ðu; fÞ and f 2 ðu; fÞ . 1Þ and this is when the treatment drug is not 100% effective ð0 , e # 1Þ and when treated AIDS patients indulge in risk sexual behaviour ð0 , c # 1Þ. This is a realistic scenario which suggests that the treatment of AIDS patients enlarges the epidemic. Clinical trials with highly active antiretroviral therapy (HAART) have shown that treatment reduces the plasma HIV-RNA to undetectable levels, and thus due to the reduction in seminal viral load, heterosexual transmission of HIV (infectiousness) may be reduced [11] . However, the main function of current HAART is to increase the life expectancy of infected individuals and over time this causes the pool of potential transmitters of infection to grow, thus the two factors, decreased infectivity but increased duration of infectiousness, have opposing effects on transmission [3] .
Effects of condom use in settings with the treatment
Introducing condom use to model system (22) gives the condom and treatment-induced reproductive number as
and we note here that R ct , R t since ðs m ; s fm Þ , 1. Note that here we consider the use of male condoms only (modelled by s m Þ by the homosexuals and the use of male and female condoms by the bisexuals and heterosexuals (modelled by s fm Þ. Thus we conclude that the use of condoms in settings with the treatment will help significantly in slowing the epidemic.
Global stability of the DFE
Lemma 2 implies that HIV/AIDS can be eliminated from the community (when R t , 1Þ if the initial sizes of the sub-populations of the model are in the basin of attraction of the DFE. To ensure that the elimination of the virus is independent of the initial sizes of the subpopulations, it is necessary to show that the DFE is globally asymptotically stable (GAS). Here, we examine the global stability of model system (22) at the DFE when a considerable number of infectives are introduced in a totally susceptible population using the method in [9] . Let X ¼ ðS f ; S m 1 ; S m 2 Þ and Z ¼ ðI f ; I m 1 ; I m 2 ; I m 3 ; A f ; A t f ; A m 1 ; A m 2 ; A m 3 ; A tm 1 ; A tm 2 ; A tm 3 Þ, thus FðX; 0Þ andĜðX; ZÞ are given as follows: 
SinceĜðX; ZÞ $ 0 E 0 is GAS. We summarize the result in Lemma 3.
Lemma 3. If R t , 1, the DFE of model system (22) is GAS and unstable if R t . 1.
Endemic equilibrium (EE)
Model system (22) has an EE given by, 
We now apply the centre manifold theory [7] as described in [8] (Theorem 4.1) to establish the local asymptotic stability of the EE. We make the following change of 15 . Using the vector notation X ¼ ðx 1 ; x 2 ; x 3 ; x 4 ; x 5 ; x 6 ; x 7 ; x 8 ; x 9 ; x 10 ; x 11 ; x 12 ; x 13 ; x 14 ; x 15 Þ T , model system (22) can be written in the form dX=dt ¼ F ¼ ðf 1 ; f 2 ; f 3 ; f 4 ; f 5 ; f 6 ; f 7 ; f 8 ; f 9 ; f 10 ; f 11 ; f 12 ; f 13 ; f 14 ; f 15 Þ T , such that; The Jacobian of the system (30) is given by,
From (31) it can be shown that,
antiretroviral therapy on controlling HIV/AIDS in a community. The epidemic thresholds for the resulting models are computed and used to assess the effects of condom use and antiretroviral therapy on the transmission dynamics of HIV/AIDS among homosexuals, heterosexuals and bisexuals. The study shows that the use of male condoms is of significant importance for homosexuals, heterosexuals and bisexuals since it reduces the partial reproductive numbers R m 1 , R 01 and R m 2 , R 02 . The use of both the male and female condom was noted to further reduce HIV/AIDS among the heterosexuals and bisexuals since R fm 2 , R m 2 , R 02 . The results obtained also suggest that there are certain values of R 0 at which the use of condoms will not reduce the reproductive numbers R fm 2 ; R m 2 to values below unity even if compliance of 100% is achieved. Furthermore, for the values of R 0 for which R fm 2 and R m can be reduced to values below a unity ðR fm 2 ; R m 2 , 1Þ, the compliance may be high and perhaps unattainable, implying that for such populations, HIV/AIDS may not be controlled using female and male condoms only, instead other preventive and therapeutic strategies should be adopted (a similar result obtained in [17] ).
We have presented a deterministic compartmental model of HIV/AIDS in a community where those with AIDS symptoms are treated and become sexually active. Similar to [2, 13] , our results show that the treatment which prolongs the incubation period but does not reduce HIV transmission rate may even enlarge the epidemic. The results show that the treatment with amelioration of AIDS patients will only help the community if the drugs used are 100% effective in stopping HIV transmission, suggesting that medical researchers should focus more on reducing HIV transmission rates when developing new treatment drugs [13] . Further, treated AIDS patients should not be involved in risk sexual behaviour defined in terms of inconsistent condom use or having multiple sex partners. The possibility of widescale use of the treatment drugs leading to changes in patterns of risk behaviour, particularly a disinhibition effect, has been of considerable concern. There are competing possible effects at individual level, treated AIDS patients may increase the frequency of sexual activity due to the severity of their symptoms decreasing, but may receive effective prevention counselling upon treatment initiation, which would decrease the frequency of risky activities [3] . If drugs used for therapy are 100% effective and a positive change in the behaviour of treated individuals is achieved, the use of therapeutic drugs will not affect the development of HIV/AIDS in communities but will help communities by lengthening the lives of the infected (reducing morbidity/mortality and socio-economic costs), and such communities would benefit more if people are to know their HIV/AIDS status and if treatment drugs are to be affordable, thus more people would be treated. The treatment with amelioration of AIDS patients should be accompanied with intense public health educational programs which are capable of changing the attitude of treated AIDS patients towards safe sex, since there is no 100% effective drug in stopping HIV transmission currently in sight. We conclude from the study that the holistic use of the condoms and the treatment as intervention strategies can help contain the HIV/AIDS epidemic and reduce its burden among heterosexuals, homosexuals and bisexuals if implemented strategically in affected communities.
